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C$ , In this paper we prove a Sobolev and a Morrey type inequality involving the mean 

curvature and the tangential gradient with respect to the level sets of the function that 
appears in the inequalities. Then, as an application, we establish a priori estimates 
for semi-stable solutions of — A p u = g(u) in a smooth bounded domain SI C K". In 
particular, we obtain new U and W 1 ^ bounds for the extremal solution u* when the 
domain is strictly convex. More precisely, we prove that u* € L°°(Q,) if n < p + 2 

Tip 

and u* € (Q) n W 1,p (n) if n > p + 2. 

m ■ 
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1 Introduction 

The aim of this paper is to obtain a priori estimates for semi- stable solutions of p-Laplace 
equations. We will accomplish this by proving some geometric type inequalities involving 
the functionals 

I M (v,n):= (J^\V T , v \Vv\ p / q \y + \H v \^Vv\ p dx^ '\ p,q>l (1.1) 

where is a smooth bounded domain of IR n with n > 2 and v E C^°(f2). Here, and in 
the rest of the paper, H v (x) denotes the mean curvature at x of the hypersurface {y e £1 : 
\v(y)\ = \v(x)\} (which is smooth at points if!) satisfying Vt> (x) ^ 0), and Vr,» is the 
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tangential gradient along a level set of \v\. We will prove a Morrey's type inequality when 
n < p + q and a Sobolev inequality when n > p + q (see Theorem 1 1 . 21 below) . 

Then, as an application of these inequalities, we establish U and W 1,r a priori esti- 
mates for semi-stable solutions of the reaction-diffusion problem 

-A p u = g{u) in fl, 

u > infi, (1.2) 
u = on <9f2. 

Here, the diffusion is modeled by the p- Laplace operator A p (remember that A p u := 
div(| Vu| p_2 Vu)) with p > 1, while the reaction term is driven by any positive C 1 non- 
linearity g. 

As we will see, these estimates will lead to new U and W 1,r bounds for the extremal 
solution u* of (11.21 ) when g{u) = Xf(u) and the domain is strictly convex. More pre- 

np -i 

cisely, we prove that u* 6 L°°(fi) if n < p + 2 and u* e L^=^(Q) n W ' p (fi) if 
n > p + 2. 

1.1 Geometric Sobolev inequalities 

Before we establish our Sobolev and Morrey type inequalities we will state that the func- 
tional I p q defined in (|l.ll) decreases (up to a universal multiplicative constant) by Schwarz 
symmetrization. Given a Lipschitz continuous function v and its Schwarz symmetrization 
v* it is well known that 

\v*\ r dx = / \v \ r dx for all r 6 [1, +oo] 
Bp Jn 



and 



/ \Vv*\ r dx < / \Vv\ r dx for all r G [1, oo). 

JB n JO. 



'Br 

Our first result establishes that I Pl q(v*; B R ) < CI Piq (v; fi) for some universal constant 
C depending only on n,p, and q. 

Theorem 1.1. Let Q be a smooth bounded domain of M. n with n > 2 and Br the ball 
centered at the origin and with radius R = (l^l/l-BiD 1 /™. Let v E C^°(fi) and v* its 
Schwarz symmetrization. Let l pA be the functional defined in (11.11) with p,q > \.Ifn> 
q + 1 then there exists a universal constant C depending only on n, p, and q, such that 

Note that the Schwarz symmetrization of v is a radial function, and hence, its level sets 
are spheres. In particular, the mean curvature H v * (x) = l/\x\ and the tangential gradient 
Vt,„* I Vv*\ p/q = 0. This explains the equality in (fPl) . 
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A related result was proved by Trudinger [ 1 8] when q — 1 for the class of mean convex 
functions (i.e., functions for which the mean curvature of the level sets is nonnegative). 
More precisely, he proved Theorem ITTTI replacing the functional I PA by 

W u 5 n ) := (J^\H v \ q \Vv\ p dx^J /P (1.4) 

and considering the Schwarz symmetrization of v with respect to the perimeter instead of 
the classical one like us (see Definition 12 . 1 1 below) . In order to define this symmetrization 
(with respect to the perimeter) it is essential to know that the mean curvature H v of the 
level sets of \v\ is nonnegative. Then using an Aleksandrov-Fenchel inequality for mean 
convex hypersurfaces (see ifTTll ) he proved Theorem II .11 for this class of functions when 
q=l. 

We prove Theorem fTTTI using two ingredients. The first one is the classical isoperimet- 
ric inequality: 

^l^ll/n^l^-l)/" < \ dD \ ( L5) 

for any smooth bounded domain D of IR n . The second one is a geometric Sobolev inequal- 
ity, due to Michael and Simon [fT2l and to Allard [1], on compact (n — 1) -hypersurfaces 
M without boundary which involves the mean curvature H of M: for every q G [1, n— 1), 
there exists a constant A depending only on n and q such that 

(J ^ < A ( y J A + dc^J " (1.6) 

for every G C°°(M), where q* = (n—l)q/(n—l—q) and da denotes the area element in 
M. Using the classical isoperimetric inequality (11.51) and the geometric Sobolev inequality 
(fL6l) with M = {x G Q : \v(x)\ = t} and = |Vw| (p_1)/<? we will prove TheoremO 
with the explicit constant C = Ap\OB 1 \ ( n2l )p , being A the universal constant in (11.61) . 

From Theorem ll.ll and well known 1 -dimensional weighted Sobolev inequalities it is 
easy to prove Morrey and Sobolev geometric inequalities involving the functional I PA . 
Indeed, by Theorem 11.11 and since Schwarz symmetrization preserves the U norm, it is 
sufficient to prove the existence of a positive constant C independent of v* such that 

\\v*\\l-(b r ) < CI m {v*\B R ). 

Using this argument we prove the following geometric inequalities. 

Theorem 1.2. Let Vibe a smooth bounded domain of MP with n > 2 and v G C^°(Q). Let 
Ip^ q be the functional defined in (|l.ll) with p, q > 1 and 

^ q n — (p + q) 
Assume n > q + 1. The following assertions hold: 



4 



Daniele Castorina, Manel Sanction 



(a) If n < p + q then 



p-\-q — n 

MU°°(n) < Ci\Q\ I p>q (v;£l) (1.7) 



/or some constant C\ depending only on n, p, and q. 

(b) Ifn > p + q, then 

\\v\\ L r {u) <C 2 \£l\^I Piq (v;£l) for every 1 < r < p*, (1.8) 
where C 2 is a constant depending only on n, p, q, and r. 

(c) Ifn = p + q, then 

//^{( ^M) ) } ^^'"l' ^erep' = p/(p-l), (1.9) 

for some positive constant C3 depending only on n and p. 

Cabre and the second author [6 J proved recently Theorem 11.21 under the assumption 
q > p using a different method (without the use of Schwarz symmetrization). More 
precisely, they proved the theorem replacing the functional I p>q (v; £l) by the one de- 
fined in (11.41) . I Pl q(v; £1). Therefore, our geometric inequalities are only new in the range 
1 < q < p. 

Open Problem 1. Is Theorem 1 1.21 true for the range 1 < q < p and replacing the func- 
tional I p ,q(v; Q) by the one defined in (11.41) . I P , q (v; £1)1 

This question has a posive answer for the class of mean convex functions. Trudinger 
lfT8l proved this result for this class of functions when q — 1 and can be easily extended 
for every q > 1. However, to our knowledge, for general functions (without mean convex 
level sets) it is an open problem. 



1.2 Regularity of semi-stable solutions 

The second part of the paper deals with a priori estimates for semi- stable solutions of 
problem (11.21) . Remember that a regular solution u 6 Cq(£1) of (11.21) is said to be semi- 
stable if the second variation of the associated energy functional at u is nonnegative defi- 
nite, i.e., 

J \Vu\ p ' 2 1 1 V0| 2 + (p - 2) (V0 • ^0 I - g'{u)(t) 2 dx>0 (1.10) 

for every <p £ H , where H denotes the space of admissible functions (see Definition 14. II 
below). The class of semi- stable solutions includes local minimizers of the energy func- 
tional as well as minimal and extremal solutions of (11.21) when g(u) = Xf(u). 
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Using an appropriate test function in (11.101) we prove the following a priori estimates 
for semi-stable solutions. This result extends the ones in [31 and J6l for the Laplacian case 
(p = 2) due to Cabre and the second author. 

Theorem 1.3. Let g be any C°° function and Q C W n any smooth bounded domain. 
Let u G Cg(fl) be a semi-stable solution of (11.21) . i.e., a solution satisfying (|1.10l) . The 
following assertions hold: 

(a) If n < p + 2 then there exists a constant C depending only on n and p such that 

NU»(n) <s + -o7-|n|^ 5 ~ / \Vu\ p+2 dx) foralls>0. (1.11) 

S /P \J{u<s} J 

(b) Ifn>p + 2 then there exists a constant C depending only on n and p such that 

n-(p+2) 



np 



np (J 



u \-s) n -™ dx) <^r( \Vu\ p+2 dx\ (1.12) 

>{u>s} ) J - S 2/P \J{u<s} J 

for all s > 0. Moreover, there exists a constant C depending only on n, p, and r such that 



i/p 



for all 1 < r < r% : 



|Vw| r dx < C MO| -\ 


-/M 




Jn 


np 2 




■~ {l+p)n-p-2- 





(1.13) 



To prove (11.1 II) and (11.121 ) we use the semi- stability condition (11.101 ) with the test 
function <\> = \Vu\r) to obtain 

/ I ^\V Tu \Vu\ p/2 \ 2 + — -H 2 u \Vu\ p )rfdx < [ \ Vu\ p \ Vr/| 2 dx (1.14) 
Jn \P P ~ 1 / 7n 

for every Lipschitz function i] in with = 0. Then, taking ^ = T s u = min{s, u}, 
we obtain (11.1 II ) and (11.121 ) when n ^ p + 2 by using the Morrey and Sobolev inequalities 
established in Theorem II .21 with q = 2. The critical case n = p + 2 is more involved. In 
order to get (11.1 II ) in this case, we take another explicit test function i] = r](u) in (11.141 ) 
and use the geometric Sobolev inequality (|1.6I) . The gradient estimate established in (|1.13l) 
will follow by using a technique introduced by Benilan et al. [0 to get the regularity of 
entropy solutions for p-Laplace equations with L 1 data (see Proposition l4.2l) . 

The rest of the introduction deals with the regularity of extremal solutions. Let us 
recall the problem and some known results in this topic. Consider 

-A p u = Xf(u) inn, , 115 . 
u = on dfl, ' 

where A is a positive parameter and / is a C 1 positive increasing function satisfying 

f(t) 

lim J -^- = +oo. (1.16) 
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Cabre and the second author [5] proved the existence of an extremal parameter A* G 
(0,oo) such that problem (1.15) a admits a minimal regular solution u x G Cq(JT) for 
A G (0, A*) and admits no regular solution for A > A*. Moreover, every minimal solution 
u\ is a semi-stable for A G (0, A*). 

For the Laplacian case (p = 2), the limit of minimal solutions 

it* := lim u\ 

AfA* 

is a weak solution of the extremal problem (1.15) a* and it is known as extremal solution. 
Nedev [[T3l proved, in the case of convex nonlinearities, that u* G L°°(fi) if n < 3 and 
u* G L r (VL) for all 1 < r < n/(n - 4) if n > 4. Recently, Cabre 0, Cabre and the 
second author |[6l, and Nedev [fT4l proved, in the case of convex domains and general 

In 

nonlinearities, that u* G L°°(fi) if n < 4 and u* G L^(Q) H #q(0) if n > 5. 

For arbitrary p > 1 it is unknown if the limit of minimal solutions u* is a (weak or 
entropy) solution of (1.15) a*. In the affirmative case, it is called the extremal solution of 
(1.1 5) a*. However, in lfi~5l it is proved that the limit of minimal solutions u* is a weak 
solution (in the distributional sense) of (1.15) a* whenever p > 2 and / satisfies the addi- 
tional condition: 

there exists T > such that (f(t) - /(0)) 1/(p " 1} is convex for all t > T. (1.17) 
Moreover, 

u*eL°°(Q) if n<p + p' 

and 

Tl 

u* G L r (Q), for all r < f := (p — 1) -. r, if n > p + p . 

n — [P + P) 

This extends previous results of Nedev lfT3l for the Laplacian case (p = 2) and convex 
nonlinearities. 

Our next result improves the L q estimate in |fT3l [131 for strictly convex domains. We 
also prove that u* belongs to the energy class Wq P (Q) independently of the dimension 
extending an unpublished result of Nedev lfi~4l for p = 2 to every p > 2 (see also [6]). 

Theorem 1.4. Let f be an increasing positive C l function satisfying (|1.16l) . Assume that 
Q is a smooth strictly convex domain of~R n . Let u x G Cq(VI) be the minimal solution of 
(1.15) a- There exists a constant C independent ofX such that: 

(a) Ifn<p + 2 then \\u x \\ L ~ { n) < C\\f(u x ) 

{b) Ifn>p + 2 then \\u x \\ L ^ m < C\\f{u x ) ll]!^ ■ Moreover \\u x \\ w i, P{n) < C 
where C is a constant depending only on n, p, Q, f and ||/(uA)IU 1 (fi)- 

Assume, in addition, p > 2 and that (11.171 ) holds. Then 
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(i) Ifn<p + 2 then u* G L°°(Q). In particular, u* G Cq(D,). 

rip -i 

(ii) Ifn>p + 2 then u* G L^^(Q) n W 1,p (n). 

Remark 1.5. If /(ma) is bounded in by a constant independent of A, then parts (a) 

and (b) will lead automatically to the assertions (i) and (ii) stated in the theorem (without 
the requirement that p > 2 and (|1.17l) hold true). However, as we said before, the estimate 
f(u*) G L x (fi) is unknown in the general case, i.e, for arbitrary positive and increasing 
nonlinearities / satisfying (11.161 ) and arbitrary p > 1. 

Open Problem 2. Is it true that f(u*) G for arbitrary positive and increasing 

nonlinearities / satisfying (|1.16l) ? 

Under assumptions p > 2 and (|1.17l) it is proved in lfT5l that /(it*) G L r (Cl) for all 
1 < r < n/(n — p') when n > p' and /(it*) G L°°(fi) if n < p'. In particular, one 
has /(«*) G L 1 (fi) independently of the dimension n and the parameter p > 1. As a 
consequence, assertions (i) and (ii) follow immediately from parts (a) and (b) of the 
theorem. 

To prove the U a priori estimates stated in part (a) and (b) we make three steps. First, 
we use the strict convexity of the domain to prove that 

{x G £1 : dist(x, d£l) < e} C {x G £1 : ma(^) < s} 

for a suitable s. This is done using a moving plane procedure for p-Laplace equations (see 
Proposition 13. II below). Then, we prove that the Morrey and Sobolev type inequalities 
stated in Theorem 1 1.21 for smooth functions, also hold for regular solutions of (11.2b when 
1 < q < 2. Finally, taking a test function 77 related to dist(-, dCl) in (1 1 . 141) and proceeding 
as in the proof of Theorem 1 1.31 we will obtain the U a priori estimates established in the 
theorem. 

The energy estimate established in parts (ii) and (b) of Theorem 11.41 follows by ex- 
tending the arguments of Nedev [H"4l for the Laplacian case (see also Theorem 2.9 in [6]). 
First, using a Pohozaev identity we obtain 

/ \Vu x \ p dx < — I \Vu x \ p x ■ v da, for all p > 1 and A G (0, A*), (1.18) 
Jn V Jdn 

where da denotes the area element in dVl and v is the outward unit normal to fi. Then, 
using the strict convexity of the domain (as in the U estimates) and standard regularity 
estimates for —A p u = \f(u\(x)) in a neighborhood of the boundary, we are able to 
control the right hand side of (11.18b by a constant whose dependence on A is given by a 
function of \\f(u x )\\mn)- 
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Remark 1.6. Let us compare our regularity results with the sharp ones proved by Cabre, 
Capella, and the second author in 01 when f2 is the unit ball B 1 of W 1 . In the radial case, 
the extremal solution u* of (1.1 5) a* is bounded if the dimension n < p + Moreover, 
if n > p + then u* E Wq T {Bx) for all 1 < r < fx, where 



It can be shown that these regularity results are sharp by taking the exponential and power 
nonlinearities. 

Note that the UiVt) -estimate established in Theorem 1 1 .41 differs with the sharp expo- 



nent f defined above by the term 2y ^zj ■ Moreover, observe that f\ is larger than p and 
tends to it as n goes to infinity. In particular, the best expected regularity independent of 
the dimension n for the extremal solution u* is 

W„ which is the one we obtain in 

Theorem 1 1.41 

1.3 Outline of the paper 

The paper is organized as follows. In section |2] we prove Theorem II .H and the geometric 
type inequalities stated in Theorem 11.21 In section |3] we prove that Theorem 11.21 holds 
for solutions of (11.2b when 1 < q < 2. Moreover we give boundary estimates when the 
domain is strictly convex. In section @] we present the semi-stability condition (11.10b and 
the space of admissible functions H . The rest of the section deals with the regularity of 
semi-stable solutions proving Theorems 1 1 .31 and 11.41 

2 Geometric Hardy-Sobolev type inequalities 

In this section we prove Theorems 11.11 and 11.21 As we said in the introduction, the geo- 
metric inequalities established in Theorem 1 1.21 are new for the range 1 < q < p since the 
case q > p was proved in [6J. However, we will give the proof in all cases using Schwarz 
symmetrization, giving an alternative proof for the known range of parameters q > p. 

We start recalling the definition of Schwarz symmetrization of a compact set and of a 
Lipschitz continuous function. 

Definition 2.1. We define the Schwarz symmetrization of a compact set D C R n as 




In particular, u* 6 L r (Bx) for all 1 < r < r , where 
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Let v be a Lipschitz continuous function in f2 and Q t := {x E f2 : \v(x)\ > t}. We define 
the Schwarz symmetrization ofv as 

v*(x) := sup{t E R : x E tt* t }. 

Equivalently, we can define the Schwarz symmetrization of v as 

v*(x) = inf{t > : V(t) < |Bi||ac| n }, 

where V(t) := \£l t \ = \{x E : \v(x)\ > t}\ denotes the distribution function of v. 

The first ingredient in the proof of Theorem 11.11 is the isoperimetric inequality for 
functions v in Wq' (ft): 

n\B 1 \ 1/n V(t) {n - l)/n < P(t) := ^ / |Vv| rfx for a.e. t > 0, (2.1) 

dt J{\v\<t} 

where P(t) stands for the perimeter in the sense of De Giorgi (the total variation of the 
characteristic function of {x E Q : \v(x)\ > t}). 

The second ingredient is the following Sobolev inequality on compact hypersurfaces 
without boundary due to Michael and Simon [12J and to Allard HI. 

Theorem 2.2 (flUtlll). Let M C M. n be a C°° immersed (n — 1) -dimensional compact 
hypersurface without boundary and E C°°(M). If q E [1, n — 1), then there exists a 
constant A depending only on n and q such that 

\<t>fd<^j /q < A I V0| 9 + {H^ da^j ' q , (2.2) 



where H is the mean curvature of M, da denotes the area element in M, and q* 



("-!)<? 
re— 1— q' 

As we said in the introduction it is well known that Schwarz symmetrization preserves 
the L r -norm and decreases the W l r -norm. Let us prove that it also decreases (up to a mul- 
tiplicative constant) the functional I PyQ defined in (11.11) using the isoperimetric inequality 
(12.11) and the geometric inequality (12.21) applied to M = M t = {x E £1 : \v(x)\ = t} and 
(f) = \Vv\ {p - 1)/q . 

Proof of Theorem [LT1 Let v E C£°(fi), p > 1, and 1 < q < n — 1. By Sard's theorem, 
almost every t E (0, |H|z,°°(m) is a regular value of |i>|. By definition, if t is a regular 
value of \v\, then \Vv (x)\ > for all x E such that \v(x)\ = t. Therefore, M t := {x E 
Vl : \v(x)\ = t} is a C°° immersed (n — 1)— dimensional compact hypersurface of W a 
without boundary for every regular value t . Applying inequality (12.21) to M = M t and 
(h = |Vw| (p_1)/<? we obtain 



* \ i/i* r 
[Vv^-Vt da) < A q I 



% liyJWul^do- (2.3) 
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for a.e. t G (0, ||f ||z,°°(f2))» where H v denotes the mean curvature of M t , da is the area 
element in M t , A is the constant in (12.21) which depends only on n and q, and 

(n-l)g 



n — 1 — q 



Recall that V(t), being a nonincreasing function, is differentiable almost everywhere and, 
thanks to the coarea formula and that almost every t G (0, \\v \\l°°(si)) is a regular value of 
If I, we have 



-V'(t)= [ r-^da and Pit) = [ da for a.e. t G (0, \\v\\ L o 

J Mt N v \ JM t 



Therefore applying Jensen inequality and then using the isoperimetric inequality (12.11 ), 
we obtain 



V,^ 1 A ) " > ^ > , ^ (2-4) 



for a.e. t G (0, \\v where Ai := n\Bi\ l l n . 

Note that for radial functions the inequalities in (12.41) are equalities. Therefore, since 
the Schwarz symmetrization v* of v is a radial function and it satisfies (12.31) . with an 
equality and with constant A = |95i| _1 /( n_1 \ we obtain 

(f \Vv*\ {p - 1)3 T da) 1 = \dB x \-^ ! |# w .|«|W| ,, - 1 cJ<7 

\J{|„*|=t} / J{v*=i) (2 Z\ 

(AiV^(t)— ) p + ^ 



(-nr 1 

for a.e. £ G (0, ||t> Here, we used that V{t) = \{\v\ > £}| = \{\v*\ > £}| for a.e. 

£ G (0, ||v||£»(n)). 

Therefore, from (12.31) . (12.41) . and (12.51) . we obtain 



{dB^-^i I IH^IVv*]?- 1 da < A q 

J(v*=t\ 





P-i 




1 













'{«*=t} 

for a.e. £ G (0, ||f Integrating the previous inequality with respect to £ on 

(0, IHIiooffi)) and using the coarea formula we obtain inequality (|1.3I) . with the explicit 
constant C = Ap \dBi \ C™- 1 )?' , proving the result. □ 

q q 

Remark 2.3. We obtained the explicit admissible constant C = Ap \dBi\ < n -vp in (11.31 ), 
where A is the universal constant appearing in (|2.2I) . 

We prove Theorem 11.21 using Theorem 11.11 and known results on one dimensional 
weighted Sobolev inequalities. 
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Proof of Theorem [L2l Let v G C£°(£l) and v* its Schwarz symmetrization. Recall that v* 
is denned in B R with R = (l^l/l^l) 1 /™. 

(a) Assume l + q<n<p + q. Using Holder inequality we obtain 



v*(s) 



(v*)'(r)\dr 



< 



(v*y(r)\ p T- q T n - 1 dr 



Vp / r R u \ Vp' 

1+g — n 

r p- 1 dr 



(2.6) 



for a.e. s G (0, i?). In particular, 



v*(s) < \dB 1 



-i/p 



p — 1 

p + q — n 



i/p' 



\n\ 



p+q — n 



Ip,q(v*] B R) 



for a.e. s G (0, R). We conclude this case, by Theorem ITTTl noting that ||u||i«>(n) = v*(Q). 

(b) Assume n > p + q. We use the following 1-dimensional weighted Sobolev inequal- 
ity: 



|^(s)| p 5s n ~ 1 ds ) <C(n,p,q)[ I s-^'is^s 71 ' 1 ds 
with optimal constant 



i/p 



(2.7) 



C(n,p,q) :-- 



p — 1 



i/p' 



r ( n P 

\p+9 



] n 1 i : 

n-(p + q)J r I -a- ) r I 1 + "fc" 1 ^ 

- \p+i ) V p+i3 /- 



np 



(2.8) 



stated in [fT8l . Applying inequality (12.71) to <p = v* and noting that the iX-norm is pre- 
served by Schwarz symmetrization, we obtain 



aBi|- 1/p S / M P *d:r <C7(n,p,g)|9Si|- 1/l ' / |x|- 9 |Vu*| p da; 



i/p 



Using Theorem 11.11 again we prove (11.81) for r = p*. The remaining cases, 1 < r < p* 
now follow easily from Holder inequality. 

(c) Assume n = p + q. From (12.61) and Theorem ll.il we obtain 



v*(s) < 



v*)'(r)\ p T- q T n - 1 dr 



Vp / /-i? 



r- 1 dr 



< \dB x \-^CI Viq {v^){^(^j\ 
for a.e. s G (0, i?). Equivalently 



i/p' 



Vp' 



exp 



I^I-VpC/^^;^) 



n— 1 
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for a.e. s E (0,R). Integrating the previous inequality with respect to s in (0, R) we obtain 

v* \ p '\ R n n 



We conclude the proof noting that the integral in inequality (1 1.9b is preserved under 
Schwarz symmetrization. □ 

Remark 2.4. Note that we obtained explicit admissible constants G\, C 2 , and C3 in in- 
equalities of Theorem 1 1.21 More precisely, we obtained 

V — 1 \7 / fl \ n P q q 

— 7 AidB x w, 

p+q-nj \\Bi\J 
C 2 = C(n,p,q)\dB 1 \^'^Ai\dB l 

and 

C 3 = \dB 1 \~*A*p i \dB 1 



(n-l)p 



n— p 
(n— l)p 



where A is the universal constant appearing in (|2.2b and C(n, p, q) is defined in (|2.8b . 

All the constants Cj depend only on n, p, and q. However, the best constant A in (|2.2b 
is unknown (even for mean convex hypersurfaces). Behind this Sobolev inequality there 
is the following geometric isoperimetric inequality 



, 71 — 2 



M|^r < A 2 / dtr. (2.9) 



M 



Here, M C M" is a C°° immersed (n — 1) -dimensional compact hypersurface without 
boundary and H is the mean curvature of M as in Theorem l2.2l The best constant in (|2.9b 
is also unknown even for mean convex hypersurfaces. 



3 Properties of solutions of ^-Laplace equations 

In this section, we first establish an a priori L°° estimate in a neighborhood of the bound- 
ary <9f2 for any regular solution u of (|1.2b when the domain Vt is stricly convex. More 
precisely, we prove that there exists positive constants e and 7, depending only on the 
domain f2, such that 

IMU°°(n £ ) < — where Q £ := {x G Q : dist(x, dQ) < e}. (3.1) 

Then, we establish that the geometric inequalities of Theorem 1 1.21 still hold for solutions 
of (11.2b in the smaller range 1 < q < 2. In the next section, these two ingredients will 
allow us to obtain a priori estimates for semi-stable solutions. 
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Let u G W Q ,p (f2) be a weak solution (i.e., a solution in the distributional sense) of the 
problem 

{—A p u = g(u) in fi, 
u > infi, (3.2) 
u = on <9f2, 

where is a bounded smooth domain in M n , with n > 2, and g is any positive smooth 
nonlinearity. 

We say that u G W^^fi) is a regular solution of (13.21) if it satisfies the equation in the 
distributional sense and g{u) G L°°(0). By well known regularity results for degenerate 
elliptic equations, one has that every regular solution u belongs to C 1,a (Q) for some 
a G (0, 1] (see [HlQll). Moreover, u G C^H) (see [11]). This is the best regularity that 
one can hope for solutions of p-Laplace equations. Therefore, equation (13.21) is always 
meant in a distributional sense. 

We prove the boundary a priori estimate (13.11) through a moving plane procedure for 
the p-Laplacian which is developed in [|9l| . 

Proposition 3.1. Let Q be a smooth bounded domain of MP and g any positive smooth 
function. Let u be any positive regular solution of (13.21) . 

If Q is strictly convex, then there exist positive constants e and 7 depending only on 
the domain Q such that for every x e Q with dist(a;, dQ) < e, there exists a set I x C Q 
with the following properties: 

\Ix\ > 7 an d u(x) < u(y) for ally G I x . 

As a consequence, 

\\ u \\l x (q £ ) < — IMIl 1 ^)' where Vt e := {x G Q : dist(x, dQ) < e}. (3.3) 

Proof. First let us observe that from the regularity of the solution u up to the boundary 
dVl and the fact that A p u < 0, we can apply the generalized Hopf boundary lemma |[T9l to 
see that the normal derivative |^ < on <9f2. Thus, if we let Z u := {x E Vt : Vw(x) = 0} 
be the critical set of u, we have that Z u D dVt = 0. By the compactness of both sets, there 
exists sq > such that Z u fl fi e = for any e < sq. 

We will now prove that this neighborhood of the boundary is in fact independent of 
the solution u. In order to begin a moving plane argument we need some notations: let 
e G S n ~ l be any direction and for A G R let us consider the hyperplane 

T = T Aj6 = {x G W 1 : x ■ e = A} 

and the corresponding cap 



£ = SA,e = {x E Q : x ■ e < A}. 
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Set 

a(e) = inf x ■ e 
xen 

and for any x E Q, let x' = x\^ e be its reflection with respect to the hyperplane T, i.e., 

x' = x + (A — 2x ■ e) e. 

For any A > a(e) the cap 

S' = {i6(l:i'eS} 

is the (non-empty) reflected cap of E with respect to T. 

Furthermore, consider the function v(x) = u(x') = u(xx, e ), which is just the reflected 
of u with respect to the same hyperplane. By the boundedness of Cl, for A — a(e) small, 
we have that the corresponding reflected cap E' is contained in Q. Moreover, by the strict 
convexity of Cl, there exists Ao = Ao(O) (independent of e) such that E' remains in Q for 
any A < A . 

Let us then compare the function u and its reflection v for such values of A in the cap E. 
First of all, both functions solve the same equation since A p is invariant under reflection; 
secondly, on the hyperplane T the functions coincide, whereas for any x E <9E n <9f2 we 
have that u(x) = and that v(x) = u(x') > 0, since the reflection x' G f2. Hence we can 
see that: 

Ap(u) + f(u) = A p {v) + f(v) in E, u < v on <9E. 

Again by the boundedness of Q, if A — a(e) is small, the measure of the cap E will be 
small. Therefore, from the Comparison Principle in small domains (see [9]) we have that 
u < v in E. Moreover, by Strong Comparison Principle and Hopf Lemma, we see that 
u < v in E A e for any a(e) < A < A . In particular, this spells that u(x) is nondecreasing 
in the e direction for all x G E. 

Now, fix x G dil and let e = v(xq) be the unit normal to d£l at x . By the convexity 
assumption T a ^(x )),u(x ) H dQ = {x }. If we let 9 G S 7 ^ 1 be another direction close to 
the outer normal v(x ), the reflection of the caps E A 6) with respect to the hyperplane T Xj e 
(which is close to the tangent one) would still be contained in thanks to its strict convex- 
ity. So the above argument could be applied also to the new direction 9. In particular, we 
see that we can get a neighborhood 6 of v(x ) in S 1 ™ -1 such that u(x) is nondecreasing 
in every direction 9 G 6 and for any x such that x • 9 < 4p . 

By eventually taking a smaller neighborhood 6, we may assume that 

\x ■ (9 - u(x ))\ < A /8 
for any x G E Ao >(? and 9 G 0. Moreover, noticing that 



x ■ 9 = x ■ {9 — u{xq)) + x ■ v(xq) 
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and 

A A 3A Aq A 

— = > x ■ v > = 

2 8 8 8 8 

it is then easy to see that u is nondecreasing in any direction 9 G on S = {x G fl : 
%<x-is(x ) < ^}. 

Finally, let us choose e = Fix any point x G fi e and let x be its projection onto 
dVt. From the above arguments we see that 

u{x) < u(x - ev(x )) < u(y) 

for any y G I x , where I x C S is a truncated cone with vertex at X\, opening angle 6, and 
height ^f. Hence, we have obtained that there exists a positive constant 7 = 7(f2, e) such 
that I is I > 7 and u(x) < u(y) for any y G I x . Finally, choosing x £ as the maximum of u 
in Q £ , we get 

1 f 1 

7 Ji Xe 7 

which proves (13.31) . □ 

We will now prove that inequalities in Theorem ll.2l are also valid for a positive solution 
u of (13.21) in the smaller range 1 < q < 2. To do this, we will construct an approximation 
of u through smooth functions and see that, thanks to strong uniform estimates on this 
approximation, we can pass to the limit in all of the inequalities. 

Proposition 3.2. Let Q be a smooth bounded domain of M. n and g any positive smooth 
function. Let u be any positive regular solution of (|3.2I) . Ifl<q<2, then inequalities in 
Theorem ll.2l hold for v = u. Given s > 0, the same holds true also for v = u — s and Q 
replaced by Q s := {x G Q : u > s}. 

Proof. Let Z u = {x E Vt : Vu{x) = 0}. Recall that by standard elliptic regularity 
u G C°°(f2 \ Z u ) and that \Z U \ = by O. Therefore, u is smooth almost everywhere in 
Q. Let x G Q \ Z u and observe that for the mean curvature H u of the level set passing 
through x we have the following explicit expression 

- n - 1 )H U = div -— = -— - ^ ' 1 (3.4) 

\|Vu|/ |Vm| \wu\ 6 

whereas for the tangential gradient term we have 

V T ,« Vu = - ± , (3.5) 

\vu\ {Vul 6 

where all the terms in these expressions are evaluated at x. Hence, there exists a positive 
constant C = C(n,p, q) such that 

^|V T ,u|V«|«|^ + \H u \ q \Vu\ p < C\D 2 u\ q \Vu\ p - q fora.e. xeVL. (3.6) 
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From [9] we recall the following important estimate: for any 1 < q < 2 there holds 

/ \D 2 u\ q \Vu\ p ~ q dx < oo. (3.7) 
Jn 

Thanks to (13.61 ) and (13.71 ). all of the integrals in the geometric Hardy-Sobolev inequalities 
are well defined for any 1 < q < 2. 

However, since the solution u is not smooth around Z u , we need to regularize u in 
a neighborhood of the critical set in order to apply the inequalities of Theorem 11.21 We 
will now describe an approximation argument due to Canino, Le, and Sciunzi for the 
p(-)-Laplacian (in our case p(x) = p constant). 

Lemma 3.3 ([7]). Let D c be an open set, 1 < q < 2, and e G (0, 1). Let u G C l {Vt) 
be a solution of (11.21) and h := g{u). Ifh £ <E C°°(D) is any sequence converging to h in 
C 1 (D) as e I 0, then the unique solution v £ of the following regularized problem 

| -div^ + lV^H^W) = K{x) inD, (3g) 
[ v £ = u on dD. 

tends to u strongly in W 1,P (B). Moreover, there exists a constant C independent of e such 
that 

[ \D 2 v £ \ q (e 2 +\Vv £ \ 2 ) E ^ l dx < C 
Jd 

and 

lim / \D 2 v £ \ q (e 2 + \Vv £ \ 2 ) E ^ dx= [ \D 2 u\ q \ Vu\ p ~ q dx. (3.9) 

Let v £ G C°°(D) be the unique solution of (13.81) and let us consider a smooth cut- 
off function r] with compact support contained in Vt and such that r] = 1 on D. We can 
construct a smooth regularization u £ of u defining u £ := (1 — i])u + r/v £ . We can then 
apply Theorem ll.2l to any u £ to get the appropriate inequality (a), (b), or (c). From lf8l[TT1l 
and standard elliptic regularity we know that the regularization u £ will converge to u, as 
e I 0, both in C 1 (r2) and C 2 (Vt \ Z u ). Hence we can easily pass to the limit as £ \, in the 
left hand side of (O) and (fL8l) . 

In order to see that also the remaining terms I p>q (u E ; fi) which involve tangential gra- 
dient and mean curvature behave well under this approximation the argument is the fol- 
lowing. Splitting the domain f2 and recalling that u £ = v £ in D we have that: 

Ip, q (u £ ; Q) = Ip, q (u £ ; D) + I Piq (u E ] Q \ D) = I p , q (v £ ; D) + I p , q (u £ ; Q \ D). 

Clearly, from the C 2 convergence we have that I P:q (u £ ; Q \ D) — > I p , q (u; \ D) as e I 0. 
Therefore we can concentrate on the convergence of I Pi q(v £ ; D). 

From (13.41 ), (13.51) , and through a simple expansion of (e 2 + iVi^ 2 ) 2 ^ around e = 0, 
we see that for a sufficiently small £ > there exists a constant K = K(n, p, q, £ ) > 
such that for any e < £ we have 
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1 ^ q 



^|VT,jVv e |?|J + \H Vs \«\Vv £ \ p <K\D 2 v £ \\e 2 + |V^| 2 )^. (3.10) 

Moreover, by the fact that v e — > u in C 2 (.D \ Z u ) and \Z U \ = 0, almost everywhere in 
D we have 



hmQ^VT.jV^iy + |^ £ HV^| P = (^\V T , u \Vu\*\\ +\H u \«\Vu\ p . (3.11) 

Now, thanks to (13.91) , (13.101) . and (13.111) . by dominated convergence theorem we see 
that: 

lim / (-\V T ^\Vv £ fi\) + \H Ve \i\Vv £ \ p dx 



Jd \p' 

= J d R|V T)U |Vw|?M +|F M HV M | p rfx. 

Thus, the assertions of Theorem 1 1.21 hold for v = u. 

To conclude the proof let us fix any s > and consider t) = « - s on (l s = {i G fi : 
?i > s}. It is clear that the integrands in the inequalities remain unchanged in this case, so 
the only problem comes from the fact f2 s might not be smooth. If this is the case, let us 
consider two sequences e n — > and s n — > s, with the corresponding regularizations of v 
given by v n := v £n = u £n — s n . Thanks to the smoothness of any v n and Sard Lemma, we 
can choose each s n as a regular value of v n , so that the level set {v n > 0} = {u n > s„} is 
smooth. Moreover, from the C 1 convergence, it is clear that for the characteristic functions 
we have X{u„> Sn } X{u>s} - Hence we can conclude the proof using the same dominated 
convergence argument as above. □ 



4 Regularity of stable solutions. Proof of Theorems O 
and 01 



We are now ready to establish U and W 1,T a priori estimates of semi-stable solutions to 
p-Laplace equations proving Theorems II .31 and 1 1.41 

Before the proof our regularity results let us recall some known facts on the linearized 
operator associated to (11.21) and semi-stable solutions. 

4.1 Linearized operator and semi-stable solutions 

This subsection deals with the linearized operator at any regular semi-stable solution u 6 

C^(U) of 

-A p u = g(u) in fi, 

u > infi, (4.1) 
u = on d£l, 
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where f2 is a bounded smooth domain in R n , with n > 2, and g is any positive C 1 
nonlinearity. 

The linearized operator L u associated to (14.11) at u is defined by duality as 

L u (v, 0) :=jf | V«r 2 | Vv • V0 + (p - 2) f Vu • (v<f> ■ } rfx 

g'(u)v(p dx 



for all (v,4>) G H xH , where the Hilbert space i/ is defined according to |[9l as follows. 

Definition 4.1. Let w G Co(^) be a regular semi-stable solution of (14.11) . We introduce 
the following weighted L 2 -norm of the gradient 

|0| : = (^J p \ V0| 2 dx^j where p := | Vu\ p ~ 2 . 

According to [9], the space 

Hj(n) := {0 G L 2 (tt) weakly differentiable : |0| < +00} 

is a Hilbert space and is the completion of C°°(Q) with respect to the | • |-norm. 
We define the Hilbert space H of admissible test functions as 



{0 G Hq(Q) : |0| < +00} if l<p<2 

the closure of C °° (O) in #J (O) if p > 2. 
Note that for 1 < p < 2, if is a subspace of Hq (fi) and since 

/ |V0| 2 < nv^ii^^i 2 , 

we see that (H , | • |) is a Hilbert space. For p > 2, the weight p = | Vw| p ~ 2 is in L°°(Q) 
and satisfies G L 1 ^), as shown in 0. 

Now, thanks to the above definition, the operator L u is well defined for <j) E H and, 
therefore, the semistability of the solution u reads as 

L M (0, 0) = jf |Vw| p ~ 2 1 1 V0| 2 + (p - 2) (v0 • ^0 I - </(«)0 2 > 0, (4.2) 

for every G -ff - 

On the one hand, considering = | Vu\r] as a test function in the semistability condi- 
tion (|4.2I) for m, we obtain 

/ [(p- l)\Vu\ p ~ 2 \V TiU \Vu\\ 2 + B 2 u \Vu\ p ] rfdx < (p- 1) / |Vu| p |Vp| 2 rfx (4.3) 
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for any Lipschitz continuous function rj with compact support. Here, B 2 denotes the L 2 - 
norm of the second fundamental form of the level set of \u\ through x (i.e., the sum of the 
squares of its principal curvatures). The fact that = 77 1 Vw| is an admissible test function 
derives from the estimate (13.71 ), whereas the computations behind (14.31 ) are done in IfTOll 
(see Theorem 2.5 IfTOll). 

On the other hand, noting that (n — 1)H 2 < B 2 and 

\Vu\v- 2 \V TtU \Vu\\ 2 = 1|V T ,.|V^| 2 , 

we obtain the key inequality to prove our regularity results for semi-stable solutions 

/ (\\V T>u \Vu\ p/2 \ 2 + — jHl\VuA T] 2 dx < [ \Vu\ p \Vr]\ 2 dx (4.4) 
Jn \P p — I J Jn 

for any Lipschitz continuous function 77 with compact support. 



4.2 A priori estimates of stable solutions. Proof of Theorem IL3 



In order to prove the gradient estimate (11.131) established in Theorem ll.3l (b) we will use 
the following result. Its proof is based on a technique introduced by Benilan et al. B2l to 
obtain the regularity of entropy solutions for p-Laplace equations with L 1 data. 



Proposition 4.2. Assume n > 3 and h e Let u be the entropy solution of 

(4.5) 



-A p u = h(x) in Q, 
u = on dQ. 

Let r > (p — \)n/{n — p). If j n \u\ r ° dx < +00, then the following a priori estimate 
holds: 

jf |Vu| r dx < t\Q\ + I)"' (V \ u \ T ° dx + II^IU 1 ^)) 

for all r <r\ := pr /(r + 1). 

Remark 4.3. Benilan et al. [2J proved the existence and uniqueness of entropy solutions 
to problem (14.51) . Moreover, they proved that | Vm| p_1 G L r {VL) for all 1 < r < n/(n — 1) 
and |m| p_1 G L r (£l) for all 1 < r < nl (n—p). Proposition |4.2| establishes an improvement 
of the previous gradient estimate knowing an a priori estimate of J n \u\ r °dx for some 
r o > (p — l)n/(n — p). 

Proof of Proposition ^. 21 Multiplying (14.51) by T s u = max{— s, min{s, u}} we obtain 

/ \Vu\ p dx = I h(x)T s u dx < s\\h\\ L i(ny 
J{\u\<s} Jn 
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Lett = s( ro+1 )/p. From the previous inequality, recalling that V(s) = \{x E Q : \u\ > s}\, 
we deduce 



s ro |{|Vn| > t}\ < s ro [ (^-Ydx + s r °[ dx 

J {\Vu\>t}n{\u\<s} \ t J J{\u\>s} 

< \\h\\ L \n) + s ro V{s) for a.e. s > 0. 

In particular 

t^\{\Vu\ > t}\ < \\h\\ LHtl ) +sup{r n, V r (r)) for a.e. t > 0. (4.6) 

r>0 ^ J 

Moreover, since 



\U\ 



T ro V(r) < r r ° / ^ dx < / \u\ r ° dx for a.e. r > 0, 

J{\u\>t} V T J Jn 

we have sup T>0 j^V^r) j < f Q \u\ r ° dx. 

Let r < ri := pr / (r + 1). From (14.61) and the previous inequality, we have 

\Vu\ r dx = r / r^lilVd > til dt 



|0| - 













oo 

1 P r 

f -1 * -o+i dt 



proving the proposition. □ 

Now, we have all the ingredients to prove the a priori estimates established in Theo- 
rem \L3\ for semi-stable solutions. It will follow from Theorem 1 1.21 and Propositions 13.21 
and l4.2l choosing adequate test functions in the semistability condition (14.41) . 

First, we prove Theorem 11.31 when n ^ p + 2. We will take r] = T s u = mm{s,u} 
as a test function in (14.41) and then, thanks to Proposition 13 .2[ we apply our Morrey and 
Sobolev inequalities (11.71 ) and (11.81 ) with q = 2. 

Proof of Theorem \L3[ for n ^ p + 2. Assume + Let u 6 Cg(fi) be a semi-stable 
solution of (11.21) . By taking r/ = T s u = mm{s, u] in the semistability condition (14.41) we 
obtain 

/ (^t,u\Vu\^ + n -^\Hl\VuA dx<U |V«r a dx 
for a.e. s > 0. In particular, 



mm 



, . , , 1 J h,%(u -s;{xeQ:u> s})? < P _ \ 2 / |V M | p+2 rfx 
ijp / [n i)s j{ u<s } 
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for a.e. s > 0, where I p>2 is the functional defined in (11.11) with q = 2. By Proposition [32] 
we can apply Theorem 1 1.21 with replaced by {x E : u > s}, v = u — s, and q = 2. 
Then, the U estimates established in parts (a) and (b) follow directly from the Morrey 
and Sobolev type inequalities (11.71) and (11.81) . 

Finally, the gradient estimate (|1.13l) follows directly from Proposition 14.21 with r = 
np/ (n — p — 2). □ 

Now, we deal with the proof of Theorem 1 1.31 (a) when n = p + 2. This critical case 
follows from Theorem 12.21 and the semistability condition (14.41) with the test function 
7] = rj(u) defined in (14.111) and (14.101) below. 

Proof of Theorem [L3l when n = p + 2. Assume n = p + 2 (and hence, n > 3). Taking a 
Lipschitz function 77 = rj (u) (to be chosen later) in (14.31) and using the coarea formula we 
obtain 



C 



{u=t} 



p-1 



V T , u |Vtt| 2 
< 



+ 



p-1 



H u \Vu\ — 



rj(t) 2 dadt 



/*oo n 

j j \Vu\ p+1 r](t) 2 dadt, 

JO J{u=t} 



(4.7) 



where da denotes the area element in {u = t} and C, here and in the rest of the proof, is 
a constant depending only on p. 

To apply the Sobolev inequality (12.21) in the left hand side of the previous inequality we 
need to make an approximation argument. Consider the sequence Uk of smooth regular- 
izations of u introduced in the proof of Proposition l3.2l and note that {u k = t} is a smooth 



hypersurface for a.e. t > 0. Then, from the Sobolev inequality (|2.2I) with 
q = 2, and M = {uk = t}, and noting that 



|Vwfc 



p-i 



(p-1 



n 



n 



p + 1 when n = p + 2, 



we obtain 



C 



|Vu fc | 



p+i 



n — 3 
n—1 



r)(t) 2 da dt 



< 







2 






f { 


V7>jVu fc | P 2 


+ 


H Uk \Vu k \ P * 


1 


>{u k =t} I 











(4.8) 



rj(t) 2 dadt. 



Now, we will pass to the limit in the previous inequality. Note that, if r] is bounded, 
through a dominated convergence argument as in Proposition l3.2l we have 



lim 

k— >oo 



{u k =t} 

f 

{u=t} 





2 








+ 




'} 



r](t) 2 dadt 





2 






V T , u |Vtt|V 


+ 
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Moreover, from the C 1 convergence of Uk to u we obtain 



n — 3 7i — 3 

lim r ( [ \Vu k \ p+1 ) r](t) 2 da dt = f°° ( [ \Vu\ p+1 ^ 

*^°°Jo \J{u k =t} J Jo \J{u=t} 

Therefore, taking the limit as k goes to infinity in (14.81 ) and using (14.71) , we get 

C / i){t)^ r]{tf dt < I ip(t)f}(t) 2 dt 
Jo Jo 

where 

i){t) := [ \Vu\ p+1 da. 

J{u=t} 



r)(t) 2 da dt. 



POO P 

/ / \Vu\ p+1 dar]{tfdt, (4.9) 

Jo J{u=t) 



(4.10) 



Now, let M := Given s > 0, choose 

1 /•* / C<0(t)- 



It is then clear that 



cxp 



V2 



I »7(M) 



if < t < s, 
gZt I if s <t<M 
if t > M. 



(4.11) 



\Vu\ p+1 dar] s {t) 2 dt 

10 J{u=t} 

Therefore, from (14.91 ) we obtain 



{u<s} 



\Vu\ p+2 dx + - I if>(t)*=i rj s (t) 2 dt. 



M 



- / m^vs(tj 2 dt<^- 



\Vu\ p+2 dx. 



(4.12) 



S J{u<s} 

Let us choose a = -At, = -, — "w 3 ^ , and m = n — 2. Note that a, B > 0, m > 1, 

n— 2'" (n— 2)(n— 1) ' >~ ' 



(n-2)(n-l) 

and /3m' = l/(n — 1). Moreover, using the definition of r/ s we have 

2" ») a (t) 



i/j(ty m 'r) s (t) am ' \l C7] s (t) am ' +1 
for all t > s. By (14.131) . Holder inequality, and (14.121) . we see that 



(4.13) 



M-s 



< 



< 



< 



ij(t)%(t) a dt 

M \ 777 / /•.!/ 

tf;(tf m T] s (t) am dt 



dt 



i){ty m ' r] s (t) am ' 



i 

.1/ _ \ ^ ~ 
^(t)^ Vs (t) 2 dt 



M 



Vs(t) 



n — 3 
n-2 



Cs 2 



|Vw| p+2 dx 



{u<s} 



1 

n-2 



Jn - 3 
C 2 



re — 3 
n—2 



which is exactly (fO II) (note that n — 2 = p and r/(M) > 1). 



□ 
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4.3 Regularity of the extremal solution. Proof of Theorem [L4 



In this subsection we will prove the a priori estimates for minimal and extremal solutions 
of (1.15)a stated in Theorem 1 1.41 Let us remark that in the proof of Theorem 1 1.41 we will 
assume the nonlinearity / to be smooth. However, if it is only C 1 we can proceed with an 
approximation argument as in the proof of Theorem 1.2 in J3]|. 

The W^'P-estimate established in Theorem 11.41 has as main ingredient the following 
result. 

Lemma 4.4. Let f be an increasing positive C 1 function satisfying (11.161) and A G (0, A*). 
Let u = U\ G Cq{VL) be the minimal solution of (1.15) \. The following inequality holds: 

\Vu\ p dx < [max | a; | J — / \Vu\ p da. (4.14) 



ief! / p Jan 
Proof. Let G'(t) = g(t) = Xf(t). First, we note that 

x ■ Vu g(u) = x ■ VG(u) = div (g(u)xj — nG(u) 

and that almost everywhere on Q, we can evaluate 

x -Vu A p u- div(^x -Vu\Vu\ p ' 2 Vuj = -|Vm| p ~ 2 Vm ■ V(x ■ Vtt) 

= -|Vm| p - -V\Vu\ p -x 
P 1 



p p V 

As a consequence, multiplying (1.15) A by x ■ Vu and integrating on f2, we have 

n [ G(u)dx-^—^- I \Vu\ p dx = - t [ \Vu\ p x ■ v da, (4.15) 
Jn V Jn P' Jan 

where v is the outward unit normal to f2. 

Noting that u is an absolute minimizer of the energy functional 



J(u) 



- / \Vu\ p dx~ [ G(u)dx 
P Jn Jn 



in the convex set {v G Wq' p (Q) : < v < u] (see 0), we have that J(u) < J(0) = 0. 
Therefore, from (14.151 ) we obtain 

/ |Vw| p dx = n.J(u) H / | Vu\ p x ■ v da < ( max \x\ J — / \Vu\ p da 

Jn P' Jan V ^ / p J dn 

proving the lemma. □ 

Finally, we prove Theorem ll.4l (using the semistability condition (|4.4I) with an appro- 
priate test function), Theorem 1 1.21 and Lemma |4~4l 
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Proof of Theorem [L"4] Let u x be the minimal solution of (1.15)a for A G (0, A*). From [|5l 
we know that minimal solutions are semi-stable. In particular, u x satisfies the semistability 
condition (1441) for all A G (0, A*). 

Assume that is strictly convex. Let 5(x) : = dist(x, dVl) be the distance to the bound- 
ary and fi e := {x G : S(x) < e}. By Proposition 13.11 there exist positive constants e 
and 7 such that for every x G fi £ there exists a set I XQ C f2 satisfying |I X0 | > 7 and 

uaOto)^ 1 < uxiyy- 1 forally G4 . (4.16) 

Let x e G f2 e be such that u x (x e ) = HwaIIl 00 ^)- Integrating with respect to y in 
inequality (14.161) and using (11.161) . we obtain 



\u\f L J {nE) < ^ / ul 1 dy f ul 1 dy < -||/(uA)IUi(n), (4.17) 



where C, here and in the rest of the proof, is a constant independent of A. Letting s = 

/ Nl/(p-l) 

(^WfMWmn)) , we deduce 

tt £ C {xett: u x {x) < s}. (4.18) 

Now, choose 



r/(x) 



5(x) if 5(x) < e, 
e if 5(x) > e, 

as a test function in (14.41) and use (14.181) to obtain 



£ 2 / (- 2 \V T , Ux \Vu x \^ 2 \ 2 + ^H^Vu x A dx< [ \Vu x \ p dx. 

J{u x >s}\P J) -I J J{u x <s} 

Multiplying equation (1.15)a by T s u x = min{s, u x } we have 

/ \Vu x \ p dx = \ ( f(u x )T s udx<X*s\\f{u x )\\ L ^) = C\\f(u x )\\ I [ 1(Qy (4.19) 
Combining the previous two inequalities we obtain 



/ f 4l V ^JVn A | p/ T + ^Hl\Vu x A dx < C||/(« A )||£ 

J(u x >s} \P V 1 J 



L 1 (n) ■ 

At this point, proceeding exactly as in the proof of Theorem 11.31 we conclude the U 
estimates established in parts (a) and (b). 

In order to prove the W /1,p -estimate of part (b), recall that by (14.151) we have 

\Vu x \ p dx <C \Vu x \ p da. 
n Jan 



p-Laplace equations and geometric Sobolev inequalities 



25 



Therefore, we need to control the right hand side of the previous inequality. Since the 
nonlinearity / is increasing by hypothesis we obtain 



/(«*)</ cil/MUFfo) 



in fi e 



by (14.171) . where C is a constant independent of A. 

Now, since —A p u x = Af(u\) E L°°(fi £ ) in fi e , it holds 



for some f3 e (0, 1) by tfTTTl . where C is a constant depending only on n, p, Q, f, and 
||/(«a)IUi(o) proving the assertion. 

Finally, assume that p > 2 and (11.171) holds. From |fT5l we know that /(it*) G L r (fi) 
for all 1 < r < n/(n — p'). In particular, /(it*) G L 1 (fi). Therefore, parts (z) and (u) 
follow directly from (a) and (6). □ 
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